ALGEBRAIC INDEPENDENCE OF VALUES 
OF GOSS L-FUNCTIONS AT s = 1 
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In honor and memory of David R. Hayes 

Abstract. We investigate special values of Goss L-functions for Dirichlet characters 
at s = 1 over rings of class number one and prove results on their transcendence and 
£>^. algebraic independence. 



■ 1- Introduction 



Given a ring of functions in one variable over a finite field that has class number 
one and a degree one rational place, we consider special values of Goss L-functions for 
Dirichlet characters at s — 1. Although we are restricted to only finitely many possible 
rings, we obtain precise formulas for the transcendence degrees of these special L-values 
as the character varies. 

We first establish some notation about rings of class number one. We let q denote 
a fixed power of a prime number p. We let Aq := ¥ q [6}. For j = 1,...,4, we let 
A,- :=F,[0, »?]/(/;), where 

f 1 = r?-e 3 + e + iew 3 [e,rj\, 

f 2 = rf + rj + 9 3 + a G F 4 [0, rj\, a G F 4 , a 2 + a + 1 = 0, 

^: f 3 = v 2 + v + 6 3 + 6 + ie¥ 2 [e, v ], 

U = r] 2 + V + 5 + 9 3 + l e¥ 2 [9,r]]. 

Even though Ai, . . . , A± are defined over specific finite fields, when discussing these rings 
generically, we will use the convention that 'F 9 ' denotes the base field appropriate to the 
^ | ring in question. Now for each j, we let Kj be the fraction field of A,, and it is well 
known that each Kj is the function field of a smooth projective irreducible curve Xj over 
¥ q such that Aj is the ring of regular functions on Xj away from a fixed closed point oo 
on Xj of degree 1. Most important for our purposes is that each Aj is a principal ideal 
domain, and they represent a complete list of rings of algebraic functions over finite fields 
with a degree one rational place that have class number one [H] . 

Now let A be one of Aq, . . . , A\, with corresponding /, K, X, etc. as above. We fix a 
uniformizer u := Uj G K at oo: Mo := 1/0; for j = 1, 2, or 3, Uj := O/rj; and M4 := 8 2 /r]. 
We let Koo := ¥ q ([uj) be the completion of K at 00, we let IK be the completion of an 
algebraic closure of K^, and we set | • | to be the absolute value on K such that \u\ = 1/q. 
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We define a sign function sgn : — > F* that is trivial on the 1-units of and takes 
sgn(w) = 1, and we set 

A + \= {a G A : sgn(a) = 1} 

to be the monic elements of A. 

Choose an irreducible polynomial p G A + with residue field F p := Aj p, and let X '■ 
F* — > F* C K x be a homomorphism. We extend X t° a Dirichlet character X '■ A — > F p 
by setting x(a) = whenever p \ a. We then define values of the Goss L-function for x 
at positive integers to be 

L (s,x) = ~r G f p(W)' »eN. 

Goss extends L(s,x) to a much larger analytic domain [6l Ch. 8], but we are only con- 
cerned here with the sums defined above with s G N. 

In [2] Anderson related the values L(l,x) for A = ¥ q [6] to Carlitz logarithms of alge- 
braic numbers. Anderson's results were extended by the first author [10] to A±, . . . , A*, 
where L(l, x) was expressed in terms of Drinfeld logarithms on sgn- normalized Drinfeld- 
Hayes modules (see §3]). Combining these formulas with algebraic independence results 
on Carlitz and Drinfeld logarithms due to Chang and the second author (31 H3] , we prove 
the following formula for the transcendence degree of the values L(l, x), as x varies, over 
the algebraic closure K of K contained in K. 

Theorem 1.2. Let p G A + be an irreducible polynomial of degree d, and let S p be the 
group of all Dirichlet characters modulo p on A. For each x £ L(l,x) is transcen- 
dental over K . Furthermore, 

tr. deg F K(L(1, x ) : x G S„) = ^ ~ ^}\ - 2) + 1. 

When x is the trivial character, then up to the Euler factor at p, L(1, X ) is essentially 
the zeta value 

ad) = E - a 

These values were proved to be transcendental by Thakur [16] and Yu [TH]. Some cases 
of the transcendence of L(1, X ) were also established by Damamme [1]. In the classical 
case over number fields, results in these directions have recently been obtained by Murty 
and Murty [IT], [12], assuming Schanuel's conjecture. It would be quite interesting to 
place the results here in the context of recent work of Pellarin [T3] or Taelman [T5] , but 
we have not pursued these lines of inquiry yet. 

2. Preliminaries on Drinfeld-Hayes modules 

Having fixed A, K, and sgn : — > F x , we know from the theory of Drinfeld modules 
that there is a unique 'sgn-normalized' Drinfeld A-module of rank 1 defined over K, 
called the Drinfeld-Hayes module (see Ch. VII], §3], [HI Ch. 3]). We let K{r} 
be the ring of twisted polynomials in r over K, where multiplication is governed by the 
rule tc = c q r for c G K. The Drinfeld-Hayes module p is defined to be the F g -algebra 
homomorphism 

p : A K{t}, 
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such that (1) the constant term in r of p a is a, (2) deg T (p a ) = deg(a), and (3) the top 
coefficient of p a is sgn(a). Since K{t} can be identified with a subring of the ring of 
Fq-linear endomorphisms of K, we see that p induces an A-module structure on any 
extension field L of K, denoted by a ■ x := p a (x), a G A, x G L. We let (p, L) denote L 
with the ^-module structure induced by p. 

The existence and uniqueness of such a Drinfeld module are by no means guaranteed, 
and its construction is fundamental to explicit class field theory for K. Furthermore, for 
more general rings A (those without class number one), such a sgn- normalized module 
can be defined only over the Hilbert class field of K. See Hayes [7], [8] for additional 
information and connections with class field theory. 

For each j = 0, . . . , 4, the Drinfeld-Hayes module pP : Aj — > Kj{t}, can be defined by 
its action on generators of Aj from the defining polynomials in (11.11) . Precise definitions 
of each pP can be found in [3, §11] (and also P §7.11] or [17]). When A = A , then p° is 
the Carlitz module p° : ¥ q [9) — > K {r}, defined by 

(2.1) P° e = e + r. 

When A = A u p l : F 3 [0, rj\ K^r} is defined by 

' -- ° + (v 3 + V)r + r 2 , 

Pri = V + (v 4 ~ V 2 ) T + (V 9 + V 3 + v)t 2 + t 



Since we will not appeal to the precise definitions of p 2 , p 3 , and p 4 in what follows, we 
direct the reader to the above references for more details about them. 

Now there is an exponential function exp p : K — > K associated to each Drinfeld module 
p = fP , which is given by an F g -linear power series 



ex Pp (z) =z + J2 e P^ e K l z \ 



i>l 

The coefficients of exp p (,2) are determined uniquely by the conditions that 

(2.3) exp p (az) = p a (exp p (z)), a G A, 

and the function exp p (z) is entire, F^-linear, and surjective on K. There is a period 
7r := ttj in a finite extension of such that we have an exact sequence of A-modules 

-> An -> K ^> (p, K) -)■ 0, 

which uniformizes p as the quotient of IK by a discrete A- lattice of rank 1. The inverse 
of exp p (z) is given by a power series 

i>l 

which is convergent for \z\ < For convenience, we record that 

(2.4) ISrol = 1^1=3^, |5r 2 | = 4" 8 / 3 , |5r 3 | = 1, |5r 4 | = T\ 
each of which follows from [HI Cor. 7.10.11]. (See [TOJ, §IV.E] for details.) 
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3. LOG-ALGEBRAICITY FORMULAS AND THE PROOF OF THEOREM 11.21 

In [2], Anderson proved a log-algebraic power series identity for twisted harmonic sums 
over rings of algebraic functions, valid for any sgn-normalized rank 1 Drinfeld-Hayes 
module, even over rings of class number > 1. The results there were based on earlier 
work of Anderson [I], which provided similar power series identities without twisting and 
which themselves were inspired by results of Thakur [TH] on special zeta values. The 
connections between log-algebraicity identities and special L-values L(l,x) were first 
introduced in [2] for the case A = ¥ q [6] and were investigated further in [10] for general 
A, in particular for A\, . . . , A^. 

In the context of the Drinfeld-Hayes modules p°, . . . , p 4 already defined, Anderson's 
main theorem is the following. 

Theorem 3.1 (Anderson [21 Thm. 3]). Let p be one of the Drinfeld-Hayes modules 
p°, . . . , p 4 defined in For every in the polynomial ring A[x], the power series 




is in fact in A[x, z\. 

Taking (3 = x m , m > 0, and < j < 4, we define special polynomials 

(3.2) Si(x,z) := S m (x,z) = expi ^ P^1 Z ^A e A[XjZ] . 

Anderson worked out extensive properties of special polynomials in the Carlitz module 
(p = p°) case [2J Prop. 8], and he provided tables of examples [21 §4.3]. The first 
author extended Anderson's results on special polynomials to the cases of p 1 , . . . , p 4 [101 
Prop. IV. 17]. For some specific examples, see §U 

Let A be one of Aq, . . . , A4 with corresponding Drinfeld-Hayes module p. We set 

e p (z) := exp p (TTz). 

Fixing a prime p G A + of degree d, the p-torsion elements p[p] of p are given by all 
e p (b/p), b G A. Of particular interest for us are the specializations 

S m (e p (b/p), 1) G A[e p (b/p)}, b G A, 

which lie in the p-th Carlitz cyclotomic extension K' := K(e p (l/p)). If we let 

. . e (az) m 
\ p , m (z) := V PK ' , m > 0, 

aeA + 

then by (12.31) and (13.21) we have 

(3.3) exp p (A p , m (6/p)) = S m (e p (b/p), 1), 

and thus each \ p ^ m {b/p) is the logarithm of a K- valued point on p. 

We let C p {p) = Span A (Ap !m (6/jp) : m > 0, b G A) be the A-linear span of the ele- 
ments X^mib/p), and then the module S p {p) of special points of p is defined to be the 
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image of C p (p) under exp p . Thus S p (p) is the A-submodule of (p, K') generated by the 
S m (e p (b/p), 1): 

S p {p) := Span p(A) (S m (e p (6/p),l) : m > 0,b G A). 

It is a fundamental result of Anderson that this module has finite rank for the Carlitz 
module, which was extended by the first author to the cases p 1 , . . . , p A . 

Theorem 3.4 ([2, Prop. 9 & Thm. 4]; [Hfl Prop. IV.23 & Thm. VI.4]). Let Af : = 

{1} U {m 6 Z : 1 < m < g d - 1, m ^ 1 (mod q — 1)}. 

(a) VFe have Span^(£ p (p)) = Span x (A Pim (l/p) : m G A/"). 

(b) The A-module S p (p) is finitely generated of rank j^N — 1 = (g d — l)(g — 2)/(g — 1). 

We note that for (a) and (b) in the above theorem to be true there must be an element 
of Cp(p), or at least an A-linear combination of elements of C p (p), whose exponential is 
torsion on p. This is revealed in the proof to be 

(3-5) X Pil (l/p) = n/p, S 1 (e p (l/p),l) = e p (l/p). 

See the proofs of [2, Prop. 8(VII)], with m = 1, or [TOj Thm. VI.4]. 

Corollary 3.6. The set {X p>m (l/p) : m G A/"} is linearly independent over K. 

Proof. Let I4 7 = Span^(£ p (p)) C K. Since S p {p) = exp p (C p (p)) has A-rank #A/" — 1, it 
follows that 

dim^ = (#A" - 1) + dim^(iy n A"7r). 
By (13. 5 p we see that the second term is equal to 1. □ 

One can also uniquely define dual coefficients e* (a) G K, for a G A, p f a, m > 1, 
by requiring, for a and b relatively prime to p, 

/ _\ * / \ n I \m r f g? if tt = 6 (mod p), 

z — ' 1,1 otherwise. 



m=l 



See (21 Prop. 10] and [TQ1 §V.D] for details; results of Feng [SJ and Zhao [21J provide 
additional information on computing dual coefficients and associated root numbers in 
terms of Gauss sums in the case p = p°. The dual coefficients are defined precisely to 
obtain a formula for the partial zeta function, 



q d -l 



(3.8) Yl r^Ecwuvp) 



n p 

neA + m=l 

bn = a (mod p) 



for any a, b G A relatively prime to p. This formula is obtained in a straightforward 
manner by substituting in the defining series for X PtJn (b/p) and simplifying the resulting 
expression (see j2j §4.7] or [TOj, §V.E]). Now for any Dirichlet character \ if we fake 

b = 1 in (13. 8p . multiply by x(°)> an d take the sum over a, we obtain 

(3-9) L(l, x) = [t> E X(a)e; m (a)) A^l/p), 



m=l 



aGF> 
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where the inner sum runs over a G A representing classes in F* . The inner sums are the 
root numbers. Using the orthogonality relations for characters and ( 13. 7ft . we find also 
that 



(3.10) A Am (l/p) = T MT X -\a)e p (a/ P r }L(hx)- 




We can now prove our main result. 

Proof of Theorem \1.2i Because p is a rank 1 Drinfeld A-module, its endomorphism ring is 
simply A. Therefore, by [201 Thm. 4.3], we see that i^-linear combinations of logarithms 
of K- valued points on p are either or transcendental. Applying this to the sum in ( 13.9ft . 
each L(l,x) is transcendental over K, since L(l,x) ^ (e.g. |L(1,%)| = 1). 
Now by (jUJ) and (l3~T0l) we see that 

Span F (L(l, x) : X e S p ) = Span F (A p , m (l/p) : 1 < m < q d - l), 

and thus it suffices to calculate the transcendence degree of K(\ p , m (l/p) : 1 < m < 
q d — l) over K. Now from (13.3ft . exp p (A Pjm (l/p)) G if for each m. Also, by Theorem 13.41 
and Corollary 13.61 we see that {\ P)Tn (l/p) : m G A^} is a K-basis of Span^- [C p {p)j . Thus 

Jf (A p , m (l/p) : m G A") = K(A,, m (l/p) : 1 < m < q d - l) = . 
Finally, by j3J Thm. 1.1.1] and [SI Thm. 1.2.6], it follows that 

tr. deg F K(X p , m (l/p) : m G A") = #A r = ^- ~ ^ ~ ~ + L 

□ 

4. Examples 

We now calculate some examples to elaborate on Theorem 11.21 Although formulas 
such as (1 3 . 9 p work well for theoretical purposes, they often contain hidden cancelations, 
and sometimes L-values can be evaluated somewhat more directly. 

Example 4.1. We begin by letting p = p° be the Carlitz module (see (12. ip ) over ¥ 3 [9] 
and taking p = 9. The character group is of order 2, generated by the character 
X '■ F 3 [#] — > F 3 defined by x{ a ) = a(0). Referring to [21 §4.3], we see that the first special 
polynomial for p is S° (x, 2) = iz. Therefore by (13.31) . 

\aeF 3 [e]+ / 

Now standard facts about the Carlitz module P, Ch. 3] imply that for all a G F 3 [0] 

p a (e p (a/9)) = x(a)e p (a/9), 
and also e p (l/9) = Thus, 

exp„(>/=0L(l,x)) = V=e. 
Since \/ — # is ^-torsion, it follows that 
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Recalling that the Carlitz period over ¥ 3 (9) has the expression 

-l 



^o^v^n i 



i=i 



03«-l 



(see [HI §2.5]), it follows that the F 3 [0]-multiple in (14 .2D is simply 1: indeed, the right- 
hand side is a discrete set, and so this can be checked after a finite amount of computation. 
Therefore, 



(4.3) 



7T 



9V-0 

As x 2 is the trivial character modulo 9, we observe (see [TSJ §5.9]) that 

r 



(4.4) 



1 







iogp(i3 



and since 1 is not a torsion point on p, we see that K(L(1, x), L(l, x 2 )) — K(tt q , log p (l)), 
and moreover L(l,x) and L(l,x 2 ) are algebraically independent by pjj Thm. 1.2.6]. 

Example 4.5. We again consider the Carlitz module case p = p° over ¥ 3 [9] but now take 
p = 9 2 + 1; however, in the interests of space we must omit many of the details. We 
let x '■ ¥ 3 [9] — > Fg be the character defined by x( a ) = a (V~ 1)? which has order 8. For 
a G Fg((l/#)), we let a i— > a denote the canonical automorphism that sends \J — 1 to 
-V 73 ! and fixes 9. Thus for all j, L(l,x j ) = L(l, x 3j )- We let 

(2 :=e p 



# 2 + l 



# 2 



and then p[9 2 + 1] = F 3 (i + ¥ 3 ( 2 - Now using that Sl(x, z) = xz, we see 

e p (a/(9 2 + l)) 



(4.6) 



exp. 



E 



G- 



A straightforward calculation reveals that for all a G F3[#], 



# 2 + l 



-(*(<*) + X 3 (a))Ci + v^T(x(a) - x 3 (a))C 2 . 



e p (a/(9 2 + 1)) 



-Ci + V^l C2) ■ X) - (Ci + v 7 ^) ■ L(l, x 3 



Therefore, 

E 

aGF 3 [0] + 

and (14. 6p implies that the right-hand side is in Fs[#] • tto/(9 2 + 1). Again a computation 
reveals that this multiple is exactly 1, and thus 



(4.7) 



-Ci + v^Cs) • L(l, x) - (Ci + v^Cs) • L(l, x 3 



7T0 



9 2 + l 



Similarly, for a G F 3 [#], 
a9 



-l(x(a)-X 3 («))Ci-(x(a)+X 3 (a))C 



2- 
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and we find, after summing over all a G F 3 [0] + , that 

(4.8) (-V=TCi - Ca) " L(h x) + (V=l Ci - Ca) ' X 3 ) 
Combining f)4.7p and ( I4.8|) . we obtain 

(4.9) L(l,x) 



0n 

e 2 + i 



710 



(Ci 



(4.10) 



-lCa)(l 

710 



(C 1 + V ^TC 2 )(1 



-10) 



£(i,x))- 



In a similar manner, using also that Ci + Cf = CiCz(Ci ~~ Ci) = — V 2 + 1 (taking the 
positive square root of 2 + 1 with respect to sgn), 



(4.ii) L(i,r 



+ v /z i 



CKi 



9 2 



-i ogp (c 1 i ) + --iog p (c 2 2 ; 

1 S.1S.2 



ClC2 



1 ■ <^ , ClC2 



C 3 C 3 l0 gp(Cl) + ^Yl0g p (C 



1 



log P (Ci 4 - Ci 6 ) 



io gp (Ci 4 - c?: 



2 - -r- CiCaV^+l 

and L(l,x 6 ) = £(1,X 2 )- We observe that |Ci| = 3" 1 / 2 and |C 2 | = 3 1 / 2 , and so Ci, Cl and 
Ci — Ci are within the radius of convergence of log Jz) as given in (|2.4p . Furthermore, 

log^VT+l) 



(4.12) 
Also, 
(4-13) 



£(i,x 4 



£(i,x 5 



710 



iCi + C 2 )v / ^Ti' 



and L(1, X 7 ) = L(1, X 5 ) 
example, 

(4-14) 



Finally, since x 8 is the trivial character, as in the previous 



L(l,X S 



e 2 + i 



log p (l). 



Thus combining fl4.9p - fl4.14p . we see that 

K(L(1, X J ) : 1 < j < 8) = K(L(1, X ), L(l, X 2 ), L(l, X 4 ), L(l, X 6 ), L(l, X 8 )) 

= S 5 (5rb,tog / ,(l) ) log p (C 1 a ),log p (C5),logp(Ci - Ci 6 ))- 
By an analysis similar to the one in the proof of Theorem I3.4[ these logarithms can be 
shown to be linearly independent over F 3 (0) and thus are algebraically independent over 
Kby [El Thm. 1.2.6]. 

Example 4.15. Let p = p 1 be the Drinfeld-Hayes module for A = Ai = ¥ 3 [8,r]} defined 
in (I2.2p . We let x '■ A ~ > ^9 t> e t ne character modulo 9 of order 8 defined by x( a ) := 
a(0, \/— 1). Here we present formulas for L(l,x J ), 1 < j < 8, which take values in 
F 9 ((0/77)) = W g &l/V9)). As in the previous example L(l,x J ) = L(l, x 3j ), where a i->- a 
denotes the canonical automorphism of Fg((l/v0)) such that y/^-l h-> — \/— T and a/0 is 
fixed. As expected, we find that 

Z(L(1, X ') : 1 < j < 8) = if X ), L(l, X 2 ), L(l, X 4 ), L(l, X 6 ), L(l, X 8 )), 
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and that the terms on the right form a transcendence basis by Theorem 11.21 via [3j 
Thm. 1.1.1]. One goal of this example is to make these L- values more explicit. The 
calculations are more involved but similar in spirit to the previous examples, and again 
space limitations force us to omit many of the details. Furthermore, because of computa- 
tional difficulties (see (14. 16ft ). we were unable to calculate exact expressions for L(l,x 2 ) 

and L(l, X 6 ) = L(l,x 2 ). 

We calculate some preliminary data. Using [6, Eq. (7.10.6)] the period 7r% of p can be 
computed by taking the product 



n 

a£A + 



a 2 6 2 J \ a?6 2 ) \ a?6 2 ) \ o?9 2 
and then extracting an 8-th root, 



n 2 



^ = v^T-nf, 

where the root of ITi is chosen to have sgn value 1. We let 



1 

or ~" ~ F \e 



and thus p[9] = F 3 ^ + F 3 £ 2 . We find that |£i| = 3 _7/2 and |£ 2 | = 3 3/2 , and furthermore 

66(ei 2 -e 2 2 ) = v^, £ + £ = -(0 + 1)^0, tf + t2=v(0-l)V9. 
Finally we compute the special polynomials (see [U p. 492] and (TO! Ch. VII]), 

Sq(x,z) = Z + 7]Z 3 + z 9 , 

rr1 / \ S3 3 Q , Q Q Q 27 

o 1 [x, z) = xz + rjx z — rjx z + x 2 — arz , 
( L ' 10 S\(x, z) = x 2 z + V x 6 z 3 - (r? 4 + V 2 )x e z 9 + V x 12 z 9 + x ls z 9 

_ (jf _ rf _ ^1^7 + ^36^27 + x 54 z 81_ 

In spite of our best efforts we were unable to compute S\{x, z), which would be necessary 
for finding an exact expression for L(l, x 2 ), but we obtained the partial result, 

Sl(x, z) = x A z + V x 12 z 3 - (rf + rfx 6 z 9 - (r/ 10 + rf + l)x l2 z 9 - (rf - rf + rf)x ls z 9 

- r,x m z 9 + x 36 z 9 + (r? 16 - rf A + V 12 - V 8 + V A )x l8 z 27 

- (rf 7 + rf + rf - rf + r] 3 - rfx 36 z 27 

_ + rf* + ^10 + ^4 _ rf _ 1)x 54^27 _ ^27 

+ (^5 + ^39 + ^37 + ^31 _ ^29 _ ^27 + rfl + ^19 _ ^13 + rfl _rf_rf 

+ rf-rf + r/)x 5 S 81 - (r> 18 + rf 2 + r/ 10 + rf - rf + l)x 108 ^ 81 

_ (^7 + ^9 + rf + v y<® z Sl + 0(z 24 3) _ 

However, bounds on the degree of z in S^x, z) (see [TQl Prop. IV. 17(5)]) allow for non- 
zero z 2A3 , z 729 , z 21S7 , and z G561 terms, and the required precision on the coefficients 
exceeded our computing power. Fortunately, computations of Sl(x, z) and S\{x, z) were 
unnecessary, since S^(x, 1) = for all odd m > 3 (see [TD1 Prop. IV. 17(6)]). 
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Combining the above computations with (13. 3p (see also [10J Ex. VIII.4]), we find that 

(-6 + v(d - 1)6 - (6 + v(d - i)6)V=T) 



(4.17) 




(4.18) 


L(l,X 3 ) 


(4.19) 


L(l,X 5 ) 


(4.20) 


L(l,X 7 ) 



(9 + i)eVe 
Hi + - 1)6 + (6 + 77(0 - ifoh/g) 

(0 + 1)0^ 

(--/=T6 + 6)(0 + i) 



•TTl, 



•TTl, (=i(l,x))» 





T6 + 6)(0 + i) 



•7T!, (=L(1,X 5 ))- 





Let Log p (,2) denote the multi- valued logarithm of p, for which log p (z) is a particular 
branch, i.e. for a, {3 G K, we write Log p (a) = /3 if exp p (/3) = «. Then we find 

(4.2i) l(i, x 4 ) = Log,^ 4 ^ + (77 + i)eVe + Ve) , 

(4-22) L(1, X 8 )= (l-l)Log p (r)-l), 



where, since x 8 is the trivial character, f)4.22p is simply a restatement of [161 Thm. VI]. 
The reason for using Log p is that the above arguments inside Log p are not within the 
radius of convergence of \og p (z) according to (12. 4ft . and we did not find any attractive 
formulas for L(l,x 4 ) using log Jz) only, as in [TBI Thm. VI]. However, the right-hand 
side of (OTjl is the unique logarithm of 6 4 V8 + (rj + 1)0 y/0 + that is in F 3 ((l/Vd)). 
Finally, for L(l, \ 2 ) and L(l, x 6 ) we have the formulas 

(4.23) (|| + v^T66) ^(i, x 2 ) + (0 + i)VftL(i, x 4 ) + (|| - ^=1 66) L(i, x 6 ) 
= iog p (6 2 - (v 4 + v 2 ~ v)£ + vi\ 2 - (v 9 - r?- v - 1)6 18 + 6 36 + 6 54 ) 



and 



(4.24) (j^- - v^l 66) (0 + i)Ve~L{i, x 2 ) + v(d - l)V9L(l, 



x 4 ) 



+ (|| + 7=166) (0 + 1)^(1, x 6 ) = - Log„(,sJ(6, i 



))• 



Given that = 3 7 ^ 2 , more than likely ^4 (6, 1) is small enough so that the right-hand 
side of (E21!)is-log p (5'4 1 (6 ) l)). 
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